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ABSTRACT: The pregelation weight-average molecular weights of cross-linked polymers and silica-based
sol-gels diverge at the sol-gel transition, where time t approaches the gel time tc. The divergence follows
a power law, (1 - t/tc)-γ, with a critical exponent larger than the γ ) 1 prediction of classic Flory-
Stockmayer theory and of our previous cross-linking model. In this paper we modify the cross-linking
mechanism by allowing a fractional exponent, 0 < ω e 1, for the mass-dependent rate kernel to match
the critical exponents of real systems. Moment equations solved by closure approximations show that γ
is determined solely by ω, in agreement with an existing analytical solution. The rate constants for cross-
linking, addition, and condensation polymerization have essentially no effect on γ. We also obtained for
the first time an analytical expression for gel time, in agreement with moment closure solutions for values
of ω other than 0 or 1. When ω is either 3/4 or 5/6, good approximations to experimental values of γ for
silica sol-gel or polymer, respectively, are found.

Introduction
The classic Flory1 and Stockmayer2 statistical theory

of cross-linking pioneered the study of polymer networks
and gels. The theory explained that in the sol-gel
transition process, as time t approaches the gel time tc,
polymer properties such as weight-average molecular
weight Mh w diverge according to3

with γ ) 1. For experimental polymer and sol-gel
transitions, the power-law relationship is found to be
true, diverging with an exponent γ greater than 1.4 For
most polymerizations, γ is between 1.5 and 1.8. For
silica-based sol-gel the value is even larger, about 2.7.5,6

Percolation theory,7 contrary to the classic result,
predicts γ ) 1.76, in agreement with the measured γ
for polymer gelation. The kinetic gelation model,8-10

based on the Monte Carlo method applied to kinetic
growth, predicts γ ) 2.9,10

We previously studied the intermolecular cross-link-
ing mechanism where two macromolecules cross-link
through pendant functional groups or cross-linking
agents and form a polymer network11

where Pi(x) is a polymer with mass x and i cross-links
and k is the rate coefficient. Using continuous distribu-
tion kinetics with a general mass-dependent rate kernel

where κ is a constant and ω is a integer, we showed
that if ω ) 0, gel will never form. If ω ) 1, however, gel
forms when time approaches the critical time tc )
1/[2κp[0](2)(0)]. This critical point is based on the first and
second mass moments, p[0](1) and p[0](2), in the pregel
region expressed as

The ratio of eq 5 to eq 4 is the weight-average molecular
weight (eq 1) with γ ) 1, the same result as Flory’s
statistical approach.1

The objective of this paper is to extend the previous
intermolecular cross-linking mechanism for polymeri-
zation and sol-gel processes to predict γ for ω different
from 0 and 1 and to study the dependence of sol-gel
transition on the ω value. We derive the analytical
solution for the gel time tc and examine the relations of
γ, tc and reaction conditions. In the Kinetics section the
kinetics of sol-gel and cross-linking reactions are
mathematically described via population balance equa-
tions and their moments. Because moment equations
lack closure for ω different from 0 or 1, the section on
moment closures describes approximations for solving
the equations. Results are then discussed, and conclu-
sions are drawn.

Mechanism

First we consider a general sol-gel polycondensation
process. The silica-based sol-gel process includes steps
of hydrolysis and condensation:6

* To whom correspondence should be addressed. Present ad-
dress: Department of Chemical Engineering and Materials Sci-
ence, University of California, Davis, CA 95616. Phone: 530-752-
0400. Fax: 530-752-1031. E-mail: bjmccoy@ucdavis.edu.

Mh w(t) ) Mh w(0)(1 - t
tc

)-γ
(1)

Pi(x) + Pj(x′) 98
k

Pi+j+1(x + x′) (2)

k ) κ(xx′)ω (3)

p[0](1)(t) ) p[0](1)(0) (4)

p[0](2)(t) )
p[0](2)(0)

1 - 2κtp[0](2)(0)
(5)

hydrolysis

Si(OR)4 + nH2O f Si(OR)4-n(OH)n + nROH (6)
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The symbols m and M represent three chemical bonds of
tetravalent Si. The first step, hydrolysis, is fast com-
pared to the condensation reactions;12 therefore, we can
assume the concentration of the monomer, Si(OR)4-n-
(OH)n, 1 e n e 4, equals the concentration of silicon
alkoxide, Si(OR)4, if water is in excess. The second step
can be further divided into three reactions: monomer
addition, condensation, and cross-linking. Here we
distinguish between condensation, a reaction between
the ends of two polymers, and cross-linking, a reaction
within either or both polymers.

When all monomers have the same reactivity, we can
simplify the kinetics to a typical polymerization involv-
ing monomer addition (or propagation), condensation (or
combination), and cross-linking. Because we are con-
cerned about the evolution of mass-related bulk proper-
ties, such as weight-average molecular weight, rather
than cross-link related properties, we can simplify our
notation and define P(x) as a macromolecule with
molecular weight x and M(xm) as monomer of molecular
weight xm. The main reactions are then represented as

In earlier work we studied and computed inter-11 and
intramolecular13 cross-linking effects. Because intramo-
lecular cross-linking does not affect mass moments and
related properties, it is not considered in this work.

Kinetics

We use the rate kernel for intermolecular cross-
linking11 shown in eq 3 and assume kp and kcd are
independent of polymer masses. The condensation
involves functional groups at branch ends, while the
cross-linking reaction involves functional groups within
branches; thus, condensation is proportional to the
number of chains, and cross-linking is proportional to
the total number of functional groups, or mass. When
the masses of polymers are large, the number of
functional groups within branches is much larger than
that at the end of branches; thus, condensation can be
neglected. We define p(x,t) dx as the concentration of
polymer chains at time t with molecular weight in the
range (x, x + dx) and m(0) as the monomer concentration.
The population balance equation for p(x,t) in a batch
reactor is11

where xm is the monomer mass. The small mass loss
due to the formation of water or alcohol (ROH) is
neglected. The bulk moment is defined as

where n is the order of the mass moment. Applying the
moment operation (eq 13) to eq 12 yields the governing
equation for the bulk moments

The expression collapses to the much discussed Smolu-
chowski’s equation when kcd ) kp ) 0. The n ) 0, 1, 2
mass moment equations follow from eq 14

where p(0) and p(1) are the molar and mass concentra-
tions of the polymer, respectively. The monomer mo-
ment equation from a mass balance is

Combining eqs 16 and 18 yields the total mass balance
d(m(0)xm + p(1))/dt ) 0. For ω equal to 0 or 1, the moment
equations have been solved previously.11 For ω different
from 0 or 1, a closure approximation is required for p(ω)

and p(1+ω) in the zeroth and second mass moment
equations, eqs 15 and 17, respectively.

Moment Closures
When the molecular weight distribution (MWD) is a

given function, the expressions for moments of all orders
are related. For instance, for a Γ distribution

the mass moment for any i g 0 is

) -2κxωp(x)p(ω) + κ∫0

x
x′ω(x - x′)ω p(x - x′) p

(x′) dx′ - 2kcdp(x)p(0) + kcd∫0

x
p(x - x′) p(x′) dx′ +

kpm
(0)[p(x - xm) - p(x)] (12)

p(n) ) ∫x)0

∞
xnp(x) dx (13)

dp(n)

dt
) -2κp(n+ω)p(ω) + κ∑

h)0

n (nh )p(ω+h)p(ω+n-h) -

2kcdp
(n)p(0) + kcd∑

h)0

n (nh )p(h)p(n-h) + kpm
(0)

[∑
i)0

n (ni )xm
n-ip(i) - p(n)] (14)

dp(0)

dt
) -κ(p(ω))2 - kcd(p

(0))2 (15)

dp(1)

dt
) kpm

(0)xmp(0) (16)

dp(2)

dt
) kpm

(0)[(xm)2p(0) + 2xmp(1)] + 2κ(p(1+ω))2 +

2kcd(p
(1))2 (17)

dm(0)

dt
) -kpm

(0)p(0) (18)

p(x) )
(xâ)R-1

e-x/â

âΓ(R)
p(0) (19)

condensation

mSiOH + ROSiM f mSiOSiM + ROH (7)

mSiOH + HOSiM f mSiOSiM + H2O (8)

monomer addition: P(x) + M(xm) 98
kp

P(x + xm) (9)

condensation or chain combination: P(x) +

P(x′) 98
kcd

P(x + x′) (10)

intermolecular cross-linking: P(x) + P(x′) 98
k

P(x + x′) (11)

∂p(x,t)
∂t

) -2p(x)∫0

∞
k(x,x′) p(x′) dx′ + ∫0

x
k(x′, x - x′) p

(x - x′) p(x′) dx′ - 2kcdp(x)∫0

∞
p(x′) dx′ + kcd∫0

x
p(x -

x′) p(x′) dx′ + kpm
(0)[p(x - xm) - p(x)]
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in terms of the gamma function Γ. The parameters R
and â are computed from the n ) 0, 1, and 2 mass
moments:

where Mh w ) p(2)/p(1) and Mh n ) p(1)/p(0). For i ) 3 the
expression is

If we assume the polymer follows a log-normal
distribution, then

where p(0) ) 1 for a standard log-normal distribution.
If we substitute ln x with y, then we can derive the ith
moment

with

in terms of the number-average molecular weight Mh n
and the polydispersity ppd ) Mh w/Mh n. The moments can
be expressed in terms of n ) 0, 1, and 2 mass moment
properties

For i ) 3 the expression is quite simple

A distribution function closure approach assumes that
the MWD follows a particular distribution function at
any time, with time-dependent parameters. The frac-
tional moments, p(ω) and p(1+ω) in eqs 15 and 17, can be
expressed by the first three integer moments, as in eq
20 for Γ closure and eq 28 for log-normal closure.
Typically, Γ and log-normal distributions are used not
only in closure approximations but also in reconstruc-
tion of MWDs.14-16 There are other closures that do not
assume a particular distribution function. The method
of moments with interpolative closure (MOMIC)17,18 is
based on a polynomial for i to approximate the ith mass
moment, p(i). For a second-order polynomial, the closure
reduces to the log-normal distribution. The quadrature

method of moments (QMOM)19 uses N abscissas (Lk) and
weightings (wk) derived from the first 2N integer mass
moments to approximate the ith mass moment, p(i)

Simulation results for the cross-linking reactions using
a fifth-order MOMIC and a QMOM with N ) 5 show
that neither MOMIC nor QMOM can produce a smooth
curve or show the pronounced straight line in the log-
(Mh w) vs log(1 - t/tc) plot. Therefore, in this paper, we
use the distribution function-based closure approach
and evaluate the errors caused by Γ and log-normal
closures.

Results and Discussion
Various simulations were conducted to test the effects

of kinetic parameters on γ. The initial MWD of the
polymer was considered an exponential distribution, p(x)
) p(0)e-x/â, where â, the number-average molecular
weight, is set to unity. Figure 1 is a plot of log(Mh w) vs
log(1 - t/tc) for large values of kp and kcd and a small
value of κ to illustrate the effects of kp and kcd. Simula-
tion results of both Γ and log-normal closures show the
pronounced straight lines (Figure 1), whose slopes are
determined solely by the ω value; i.e., κ and initial
MWDs have no effect. Addition (kp) and condensation
(kcd) reactions affect only the curve shape at the begin-
ning of the reaction (t , tc). The critical exponent of the
sol-gel transition can be studied, therefore, by setting
kp ) kcd ) 0 and choosing any value, e.g., unity, for κ.
Then eq 12 becomes a standard Smoluchowski equation
that has been studied extensively. The moment equa-
tions (eqs 15-17) are simplified as

For large x as time t approaches tc, Leyraz and Tschudi22

conjectured that Smoluchowski’s equation is satisfied

p(i) ) ∫0

∞
xip(x) dx ) âi Γ(R + i)

Γ(R)
p(0) (20)

R ) 1
Mh w

Mh n

- 1

(21)

â ) Mh w - Mh n (22)

p(3) ) 2
[p(2)]2

p(1)
- p(2)

p(0)
p(1) (23)

p(x) ) p(0)

xσx2π
e-(ln x -ln x0

2/2σ)2
(24)

p(i) ) x0
i ei2σ2/2p(0) (25)

x0 )
Mh n

xppd
(26)

σ ) xln ppd (27)

p(i) ) (Mh n)i(ppd)(i2-i)/2p(0) (28)

p(3) ) [p(2)

p(1)]3

p(0) (29)

Figure 1. Dynamics of Mh w with different ω.

p(i) ) ∑
k)1

N

wkLk
i (30)

dp(0)

dt
) -κ(p(ω))2 (31)

dp(1)

dt
) 0 (32)

dp(2)

dt
) 2κ(p(1+ω))2 (33)
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by

Ernst et al.21 showed that a general moment relation
can be derived from eq 34.

where Bn is a constant, τ ) 3/2 + ω, and σ ) ω - 1/2. The
critical exponent, γ, is then obtained by substituting n
) 2 into eq 35

Substituting eq 35 back into the moment equations, we
obtain the expression for the gel time tc for an arbitrary
ω

The detailed deviation of tc is presented in the Appendix.
In this paper we emphasize a numerical solution for

the moment eqs 31-33 and compare the results with
the analytical solutions for γ and tc. In many cases the
model for a real process is quite complex, involving other
reactions such as propagation and/or a complicated
reaction rate kernel that render analytical solutions
impossible. The numerical approach has a wider ap-
plication and, when the analytical approach fails, can
provide solutions to most problems provided that an
accurate third moment closure approximation is used.
The numerical approach allows solutions for the zeroth,
first, and second moment eqs 31-33. The total mass,
p(1), is constant, and only two nonlinear ordinary dif-
ferential equations need to be solved. The fractional
moments p(ω) and p(1+ω) in eqs 15 and 17 are ap-
proximated from eq 20 (Γ closure) and eq 28 (log-
normal closure), whose parameters are obtained from
n ) 0, 1, 2 moments. When ω is 0 or 1, p(ω) and p(1+ω)

from eq 20 will be exact. The simulation results for the
gel time (tc) and the critical component (γ) for different
ω values, as well as the analytical solutions, are shown
in Table 1. The value of the gel time tc depends on the

initial conditions and on κ, but the slope γ is influenced
only by ω. Gel forms only when ω is greater than a
certain critical value, ωc. For both closure approxima-
tions, Table 1 shows the minimum ω that allows gel to
form (ωc ≈ 1/2), in agreement with the analysis of
aggregation with similar kinetics.20-24 The slope (-γ)
increases with decreasing ω. Figures 2 and 3 show the

comparison of the analytical (exact) solution of γ and tc
vs ω with the approximated solution obtained from
simulation using Γ and log-normal closures.

For γ (Figure 2) the two approximations have no
noticeable errors when ω is close to 1, where the
analytical solution yields γ ) 1. When ω < 1, the
difference becomes more significant as ω decreases. The
log-normal closure cannot produce the pronounced
straight line segment (Figure 1) when ω < 0.62, due to
errors caused by the closure, which increase with
decreasing ω. When ω is between 0.7 and 1, log-normal
closure yields a better approximation than γ closure.
Both approximations, however, show that ω in the range
from 2/3 to 1 yields γ values that include the experimen-
tally observed values, 2.7 and 1.7 for polymer and silica
systems. For instance, Γ closure predicts ω close to 2/3
and 3/4 to yield γ of 2.7 and 1.7, respectively. The log-
normal closure predicts γ is 2.7 and 1.7 when ω is close
to 4/5 and 5/6, respectively, and is closer to the exact
values, 0.77 and 0.87, respectively. For tc (Figure 3), a
similar conclusion can also be obtained that when 0.7
< ω e 1, log-normal produces better predictions than
Γ closure.

We can conclude that Γ closure underestimates γ
when ω < 1, while log-normal closure predicts a more
accurate value of γ, which is overestimated for smaller
ω. The true values for ω between 1/2 and 3/4 are
bracketed by the solutions of Γ and log-normal ap-

p(x,t) ∝ x-τ exp[-N1(x(tc - t)1/σ)ω] (34)

p(n) ≈ Bn(tc - t)-(n+1-τ)/σ (35)

γ ) τ - 3
σ

)
3/2 - ω

ω - 1/2
(36)

tc )
-ω + 3/2
ω - 1/2

p(2)(0)

2κ[p(1+ω)(0)]2
(37)

Table 1. Effect of ω on Cross-Linking Reactions

exact solution21 Γ closure log-normal closure

ω tc γ tc γ tc γ

1/3 ∞ N/A ∞ N/A ∞ N/A
1/2 ∞ N/A 1077 N/A 1.25 × 104 N/A
3/5 4.40 9 2.66 5.08 2197 N/A
0.65 2.57 5.67 1.62 3.35 4.82 13.5
2/3 2.21 5 1.42 3.05 3.28 9
3/4 1.16 3 0.82 2.02 1.17 3.3
4/5 0.83 7/3 0.62 1.70 0.79 2.25
5/6 0.67 2 0.52 1.53 0.63 1.89
1 0.25 1 0.25 1 0.25 1

Figure 2. Comparison of analytical solution of γ with nu-
merical solutions using Γ and log-normal closures.

Figure 3. Comparison of analytical solution of tc with
numerical solutions using Γ and log-normal closures.
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proximations and are closer to that of log-normal for
larger ω and closer to Γ for smaller ω. This conclusion
is similar to Papavasiliou et al.15 for long chain branch-
ing of a free radical polymerization in a continuous
stirred tank reactor (CSTR). For a given γ value, we
may take as the approximated ω value the average of
ω values for Γ and log-normal closures.

The obtained γ values in Table 1 are plotted as 1/γ
vs ω in Figure 4. For the Γ closure, we find a linear
relationship exists between 1/γ and ω

represented by the regressed straight line (dash-dot)
in Figure 4. The log-normal closure shows a linear
relationship for γ g 0.62

This indicates the critical ω for log-normal closure is
0.623, an overestimate due to the large error of the log-
normal closure when ω is smaller than one. The dif-
ficulty in identifying the slope -γ suggests that ωc )
1/2 is reached by the dashed line in Figure 4. It is,
nevertheless, rather surprising that the linear relation-
ships in Figure 4 are valid with excellent fits indicated
by regression coefficients. The exact solution, shown as
solid line in Figure 4, is not a straight line and is
bracketed by the two closures for ω between 1/2 and 3/4,
closer to log-normal closure for ω between 3/4 and 1.

Although simulation results presented above cannot
produce the exact ω values for the sol-gel transition of
polymers and silica-based sol-gel, they show that ω is
about 3/4 for silica-based sol-gel and 5/6 for polymers.
This can also be explained qualitatively as follows. The
rates of intermolecular cross-linking reactions are pro-
portional to the number of functional groups in one
polymer accessible to those of other polymers. If the
polymer is uncoiled without any folding or entangle-
ment, all the functional groups on the polymer are
accessible. Thus, the number of accessible functional
groups is proportional to its length or mass; in other

words, ω ) 1. When polymer is contracted into a
spherical shape, only the functional groups on the
surface are accessible; thus, the number of accessible
functional groups is proportional to its surface area.
Because the polymer volume is proportional to its mass,
the number of accessible functional groups is thus
proportional to the 2/3 power of its mass, or ω ) 2/3.
Under normal conditions, polymer chains fold and
entangle, thus restricting access to some functional
groups by other polymers. So for a real polymer system
ω should be between 2/3 and 1, in agreement with the
value (∼5/6) obtained from the proposed intermolecular
cross-linking mechanism. Silica-based sol-gel reactions
are more complicated because monomers added to the
polymer restrict the access of unreacted monomers27

(first shell substitution effects), resulting in smaller ω
(∼3/4) and thus larger γ.

Conclusion
The detailed quantitative description of the sol-gel

critical transition is important for a fundamental un-
derstanding of polymer and gelation kinetics. In the
present work we have shown how a population balance
(distribution kinetics) approach handles this problem.
A key element in the approach is to establish the
intermolecular cross-linking mechanism, eq 2, and to
write the population balance for the distribution, p(x,t).
Although we considered a general polycondensation
process, eqs 6-8, the results show that only the cross-
linking reaction influences the pregelation transition to
the critical gel time. Focusing on the cross-linking
kinetics and the exponent in the rate kernel expression,
eq 3 allowed a generalization of the classic Flory-
Stockmayer result, for which γ in eq 1 is 1. This
procedure involved developing moment equations and
a closure method to solve the differential equations. An
analytical expression for tc is obtained for the first time.
A significant conclusion is that the exponent ω controls
the slope γ of the sol-gel transition, while initial
distribution and rate constant also control the gel time
tc. The Γ and log-normal distribution closure ap-
proximations bracket the values of γ and tc, with log-
normal a better approximation when 0.7 < ω e 1. They
also provide unexpected linear relationships between 1/γ
and ω. When ω ) 1, the classic result obtains, and when
ω is either 2/3 or 3/4, good approximations to experimen-
tal values of γ for silica sol-gel or polymer, respectively,
are found.

Appendix A. Derivation of Expression for the
Critical Exponent

First rewrite eq 34 as

and substitute into the moment definition

One obtains

and the critical exponent for nth moment (n g 2) is

Figure 4. Computed values of 1/γ for various ω; the squares
and triangles are Γ and log-normal closures, respectively; the
solid line is the exact solution (based on eq 36), and dash-dot
and dashed lines are eqs 38 and 39, respectively. The regressed
lines have r2 ) 0.9997 for Γ closure and r2 ) 0.998 for log-
normal closure (ω g 0.62).

1
γ

) 2.00(ω - ωc) (38)

1
γ

) 2.59(ω - 0.623) (39)

p(x,t) ) N2x
-τ exp[-N1(x(1 - tc/t)

1/σ)ω] (40)

p(n)(t) ) ∫x)0

∞
xnp(x,n) dx (41)

p(n)(t) )
N2

ω
N1

1+(1/2-n)/ωΓ(- 1 +
-1/2 + n

ω )
(1 - t/tc)

(ω-n+1/2)/(ω-1/2) (42)
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So the critical exponent for the weight-average molec-
ular weight or the second moment is (3/2 - ω)/(ω - 1/2).

Appendix B. Derivation of Expression for the
Gel Time

Ineq42definetheconstantN[n]) (N2/ω)N1
1+(1/2-n)/ωΓ[-

1 + (-1/2 + n)/ω] and substitute eq 42 into the moment
equation (see eq 14)

Because the power of dp(n)/dt, p(n+ω)p(ω), and p(ω+h)p(ω+n-h)

are all (1 - t/tc)(1-n)/(ω-1/2), we can collect the constant
terms and obtain

Therefore, we obtain tc by letting n ) 2

For the special case ω ) 1, we obtain

The same solution obtained by solving the moment
equations directly.
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